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Greatest Common Divisors and Least Common Multiples

DEFINITION 2 Leta and b be integers, not both zero. The largest integer d such thatd | @ and d | b is called
the greatest common divisor of a and b. The greatest common divisor of a and b is denoted
by ged(a, b).

The greatest common divisor of two integers, not both zero, exists because the set of common
divisors of these integers is nonempty and finite. One way to find the greatest common divisor
of two integers is to find all the positive common divisors of both integers and then take the
largest divisor. This is done in Examples 10 and 11. Later, a more efficient method of finding
greatest common divisors will be given.

EXAMPLE 10 What is the greatest common divisor of 24 and 367

Solution: The positive common divisors of 24 and 36 are 1, 2, 3, 4, 6, and 12. Hence,
gcd(24, 36) = 12. |



DEFINITION 3 The integers a and b are relatively prime if their greatest common divisor is 1.

EXAMPLE 12 By Example 11 it follows that the integers 17 and 22 are relatively prime, because
ged(17,22) = 1. <

DEFINITION 4 The integers ay, ay, .. ., a, are pairwise relatively prime if gcd(a;, aj) = 1 whenever 1 <
I < j<n.

EXAMPLE 13 Determine whether the integers 10, 17, and 21 are pairwise relatively prime and whether the
integers 10, 19, and 24 are pairwise relatively prime.

Solution: Because gcd(10, 17) = 1, ged(10, 21) =1, and gcd(17,21) = 1, we conclude that
10, 17, and 21 are pairwise relatively prime.

Because gcd(10,24) =2 > 1, we see that 10, 19, and 24 are not pairwise relatively
prime. <



Another way to find the greatest common divisor of two positive integers is to use the prime
factorizations of these integers. Suppose that the prime factorizations of the positive integers a
and b are

ay _ar a b1 by b
a:pl p2 ...pn”l, b:pl p2 pnn’

where each exponent is a nonnegative integer, and where all primes occurring in the prime
factorization of either a or b are included in both factorizations, with zero exponents if necessary.

Then ged(a, b) is given by

min(ay, b1) _min(az, by) . min(ay,, by,)

ged(a, b) = p, 2 - Pn :

EXAMPLE 14 Because the prime factorizations of 120 and 500 are 120 =23 -3 -5 and 500 = 22 - 5°, the
greatest common divisor is

ng(lZO, 500) — 2min(3,2)3min(1,0)5min(1, 3) — 223051 — 20 4

Prime factorizations can also be used to find the least common multiple of two integers.



DEFINITION 5 The least common multiple of the positive integers a and b is the smallest positive integer that
is divisible by both a and b. The least common multiple of a and b is denoted by Icm(a, b).

The least common multiple exists because the set of integers divisible by both a and b is
nonempty (as ab belongs to this set, for instance), and every nonempty set of positive integers
has a least element (by the well-ordering property, which will be discussed in Section 5.2).
Suppose that the prime factorizations of a and b are as before. Then the least common multiple
of a and b is given by

lcm(a, b) = pinax(ah bl)pznax(az, by p’f;lax(an, by)

9

EXAMPLE 15 What is the least common multiple of 23372 and 24337

Solution: We have

lcm(233572, 2433) — 2max(3, 4)3max(5, 3)7max(2, 0) — 243572. 4

THEOREM 5 Let a and b be positive integers. Then

ab = gcd(a, b) - lcm(a, b).



The Euclidean Algorithm

LEMMA 1 Leta = bg + r, where a, b, g, and r are integers. Then gcd(a, b) = gcd(b, r).

EXAMPLE 16 Find the greatest common divisor of 414 and 662 using the Euclidean algorithm.

Solution: Successive uses of the division algorithm give:

662 =414 -1 + 248
414 =248 -1 + 166
248 =166 -1 4 82

166 =82-2+2
82 =2-41.
Hence, gcd(414, 662) = 2, because 2 is the last nonzero remainder. |

THEOREM 6  BEZOUT’S THEOREM If a and b are positive integers, then there exist integers s and ¢
such that gcd(a, b) = sa + tb.



DEFINITION 6 If a and b are positive integers, then integers s and 7 such that ged(a, b) = sa + b are called
Bézout coefficients of a and b (after Etienne Bézout, a French mathematician of the eighteenth
century). Also, the equation gcd(a, b) = sa + tb is called Bézout’s identity.

EXAMPLE 17  Express gcd(252, 198) = 18 as a linear combination of 252 and 198.
Solution: To show that ged(252, 198) = 18, the Euclidean algorithm uses these divisions:

252 =1-198 + 54
198 =3 .54 + 36
54=1-36+ 18
36 =2-18.

Using the next-to-last division (the third division), we can express gcd(252, 198) = 18 as a
linear combination of 54 and 36. We find that

18 =54 — 1 - 36.
The second division tells us that

36 =198 — 3 . 54.



Substituting this expression for 36 into the previous equation, we can express 18 as a linear
combination of 54 and 198. We have

18=54—-1-36=54—-1-(198—3-54)=4-54—1-198.
The first division tells us that
54 =252 —1-198.

Substituting this expression for 54 into the previous equation, we can express 18 as a linear
combination of 252 and 198. We conclude that

18=4-(252 —-1-198) —1-198=4.252 -5 198,

completing the solution. <

LEMMA 2 Ifa, b, and c are positive integers such that gcd(a, b)) = 1 and a | bc, then a | c.

LEMMA 3 If pisaprime and p | aias - - - a,, where each q; is an integer, then p | a; for some i.



EXAMPLE 18 The congruence 14 = 8 (mod 6) holds, but both sides of this congruence cannot be divided by 2
to produce a valid congruence because 14/2 =7 and 8/2 = 4, but 7 £ 4 (mod 6). <

THEOREM 7 Let m be a positive integer and let a, b, and ¢ be integers. If ac = bc (mod m) and
gcd(c,m) = 1,thena = b (mod m).

Proof: Because ac =bc (modm), m |ac—bc=c(a—>b). By Lemma 2, because
gcd(c, m) =1, it follows that m | a — b. We conclude that a = b (mod m). <



EI Solving Congruences

Linear Congruences

A congruence of the form
ax = b (mod m),

where m is a positive integer, a and b are integers, and x is a variable, is called a linear
congruence. Such congruences arise throughout number theory and its applications.

THEOREM 1  If a and m are relatively prime integers and m > 1, then an inverse of a modulo m exists.
Furthermore, this inverse is unique modulo m. (That is, there is a unique positive integer a
less than m that is an inverse of a modulo m and every other inverse of @ modulo m is

congruent to a modulo m.)



EXAMPLE 1

EXAMPLE 2

Find an inverse of 3 modulo 7 by first finding Bézout coefficients of 3 and 7. (Note that we have
already shown that 5 is an inverse of 3 modulo 7 by inspection.)

Solution: Because gcd(3, 7) = 1, Theorem 1 tells us that an inverse of 3 modulo 7 exists. The
Euclidean algorithm ends quickly when used to find the greatest common divisor of 3 and 7:

7=2-3+1.
From this equation we see that
—2-341-7=1.

This shows that —2 and 1 are Bézout coefficients of 3 and 7. We see that —2 1s an inverse of 3

modulo 7. Note that every integer congruent to —2 modulo 7 is also an inverse of 3, such as 3,
—9, 12, and so on. <

Find an inverse of 101 modulo 4620.

Solution: For completeness, we present all steps used to compute an inverse of 101 modulo 4620.
(Only the last step goes beyond methods developed in Section 4.3 and illustrated in Example 17
in that section.) First, we use the Euclidean algorithm to show that gcd(101, 4620) = 1. Then
we will reverse the steps to find Bézout coefficients a and b such that 101a + 46206 = 1. It will
then follow that a 1s an inverse of 101 modulo 4620. The steps used by the Euclidean algorithm
to find gcd(101, 4620) are



4620 =45-101 475
101 =1-75426

75=2-264123

26=1-2343

23=7-342
3=1-2+1
2=2-1.

Because the last nonzero remainder is 1, we know that gcd(101, 4620) = 1. We can now find
the Bézout coefficients for 101 and 4620 by working backwards through these steps, expressing
gcd(101, 4620) = 1 in terms of each successive pair of remainders. In each step we eliminate
the remainder by expressing it as a linear combination of the divisor and the dividend. We obtain

1=3-1-2

=3-1-23-7-3)=—-1-2348-3
=—1-234+8-(26—1-23)=8-26—-9-23
=8-26—-9-(75-2-26)=-9-75426-26
=—-9.75426-(101 —1-75)=26-101 —35-75

=26-101 —35. (4620 —45-101) = —35-4620 + 1601 - 101.

That —35 - 4620 4+ 1601 - 101 = 1 tells us that —35 and 1601 are Bézout coefficients of 4620
and 101, and 1601 1s an inverse of 101 modulo 4620. <



